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Ahstruct- Wireless communication systcms incorporating co- 
herent OFDM requires the estimation and tracking of the time- 
varying channel response for accurate demodulation of data at 
the receiver. In pilot-symh'ol-assisted (PSA) OFDM systems, the 
minimum mean-square-error (MMSE) estimator is a good chan- 
nel estimation technique given that channel statistics are known. 
However, the major drawback of the MMSE estimator is its high 
computational complexity, which grows with number of pilots. 
Piecewise-linear interpolatio? is a low complexity solution to the 
channel estimation task. In this paper we derive exact expressions 
for the channel estimation error as a function of pilot spac- 
ing, channel statistics and channel noise, when piecewise-linear 
interpolation is incorporated. We compare the performance of 
piecewise-linear interpolation against that of a low complexity 
MMSE technique (piecewise-MMSE interpolation) under both 
matched and mismatched conditions of channel statistics. Results 
show that a piecewise-linear interpolator performs better than a 
mismatched piecewise-MSSE interpolator of same complexity. 
I. INTRODUCTION 
Orthogonal frequency division multiplexing (OFDM) is a 
promising technique for high-bit-rate wireless communications 
1 I I .  Multipath immunity, bandwidth efficiency and resistance 
10 narrow-band interference and impulse noise are the key 
advantages of' OFDM. It has been employed for digital au- 
dio/video broadcasting (DAB/DVB) and wireless LAN (EEE 
802. I 1 a and Hiperlan/2) standards [I]. In a wireless channel, 
the multipath environment causes frequency-selective fading. 
On the other hand, the mobility of the receiver causes time- 
selective fading of the OFDM subcarriers. The former is char- 
acterized by the power delay-spread of the channel, while the 
later is characterized by the Doppler frequency of the channel. 
Estimation of this time and frequency domain fading processes 
ill the receiver is crucial for OFDM system performance. 
In pilot-symbol-3ssisted (PSA) techniques [2]-[3] channel 
estimation is performed by inserting pilot symbols at selected 
positions i n  the lime-frequency grid. For a chosen pilot pattern 
in the time-frequency grid, the optimal channel estimator 
i n  terms of min imum mean-square-error (MMSE) is the 2- 
dimensional Wiener filter [4]. Wiener filtering performs an 
optimal 2-dimensional interpolation given the channel statis- 
tics (channel correlation function) and the operating SNR. 
However, i t  has the major disadvantages of high computational 
complexity and scnsitivity to mismatches between the de- 
signed and actiial channel stalistics. A relatively low complex- 
ity 13PT based frequency domain interpolation techniques have 
also been developed [SI-[6]. In these approaches the reduction 
in complexity is achieved by using DFT to concentrate the 
channel power to few transformed coefficients. 
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The simplest technique in terms of computational coniplex- 
ity (at the expense of bandwidth loss to pilots) is to use 
piecewise-linear interpolation in time and frequency domains. 
Performance of an OFDM system with piecewise-linear in- 
terpolation incorporated in frequency domain is investigated 
through simulations in [7]-[8]. An investigation of DFT- 
based interpolation in frequency domain and piecewise-linear 
interpolation in time domain for OFDM channel estimation is 
reported in [6]. Although piecewise-linear interpolation does 
not require channel statistics (unlike MMSE interpolation). 
its performance in tenns of channel estimation accuracy 
depends on channel statistics and pilot-symbol spacing. The 
Contribution of this paper is to provide a detailed theoretical 
analysis of the chaiinel estiinntion error, when piecewise-linear 
interpolation is eniployed fo r  tinielfrequenc)l interpolarion in a 
PSA-OFDM systein with a frequeizcy-selective Rayleigh fading 
charinel. In particular, we derive exact expressions for time 
and frequency domain channel estimation error (interpolation 
error) in terms of channel correlation function, channel noise 
power and pilot-symbol spacing. Also, we compare the perjhr- 
niaiice of piecewise-liaear iriterpolntion against that of CI low 
coi7ipLexity MMSE interpolation technique (piecewise-MMSE 
interpolation) irizder both inatclzed and inismatched conditions 
of clzaniiel statistics. 
11. WIRELESS CHANNEL MODEL 
A wireless channel model with time-varying finite impulse 
response (FIR) filter coefficients was incorporated. Each prop- 
agation path i is characterized by a fixed delay T~ and a 
time-varying amplitude A,(t). The AL(t )  is a product of an 
amplitude a, and a Rayleigh fading process g L ( t ) .  The impulse 
response of the channel model can be given as , 
where, A,@) = aigi( t )  and I is the total number of propaga- 
tion paths. The fading function g i ( t )  is a fd-limited complex 
Gaussian process that is independent for different paths. Thc 
term fd is the Doppler frequency, which is related to the 
relative speed 'U between the transmitter and receiver and the 
the carrier frequency fc by fd = v f c / c ,  where, c is the speed 
of light. The time-varying frequency response of the wireless 
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channel can be calculated using ( I  ) as 
.rx: 
H ( t :  f )  5 J h.(t,  r ) e - j 2 T f T c i T  
--3c 
I-1 
= aigz (t)e-j2,Jr,. 
i=O 
In the time-frequency grid of an OFDM system the channel 
tlrequency response at the nth tone of the kth OFDM symbol 
becomes 
A H[rri., ,TI.] = H(,m,Tf ~ ,nAf) 
I-1 
, = ( ~ , ~ i ( m T f ) e - " " ~ " ~ ~ ~ ' .  (2) 
i=o 
where: Tf and A f  are the symbol duration and the inter- 
subcall-ier spacing of the OFDM system, respectively. The 
channel correlation function in the time-frequency space for 
different OFDM symbol and tone separations can be given as 
a RF{[x:.l] = E { H [ m +  k ,77 .+I]H*[m,n] )  
= a;&[k]Rf[I] 
where, 0; is the total average power of the channel response 
given by 0% = CfIi a;.,The 0' is the average power of the 
bth propagation path. The notation E { . }  denotes the expected 
value of a random variable. The Rt[k]  and Rf[1] are the 
iimc-domain and frequency-domain correlation functions of 
(he channel response, respectively. The Rt[k] depends on the 
Doppler frequency fc, of the channel and is given by 
RI[X-] = J,3(27rkFCl), where. Fd = f d T ~ .  (3) 
The Fc, is the normalized Doppler frequency, normalized by 
the OFDM symbol rate 1/Tf. The J o ( . )  is the zeroth-order 
Hessel lunction of the first kind. For an exponentially decaying 
multipath power delay profile, Rf[I]  is given by 
1 
where, T,.,,,, = ?,.lns/Ts (4) Rf''l 1 + j27r~ , .~ , ,~ l /N '  
The T , . , , ~ ~  is the RMS delay-spread relative to the OFDM 
sampling interval T,. The total number of OFDM subcarriers 
(tones) is denoted by N .  
111. C H A N N E L  ESTIMATION USING'INTERPOLATION 
For a properly designed OFDM system with adequate 
cyclic-prefix length to absorb channel delay-spread, the de- 
modulated data symbol Y[nz.n] for the nth tone of the mth 
OFDM symbol can be given as 
Y[rri.] 71.1 = N[7rz3 n.]X[n7., ,711 + G[m: n.] (3 
whcre. -Y[rn: 711 and G[m> 71.1 are the transmitted data symbol 
and AWCN noise for the n,th tone of the m.th OFDM symbol. 
As both iime-domain and frequency-domain piecewise-linear 
interpolation are similar i n  nature, we analyze the case of 
frequency-doinain piecewise-linear interpolation process in 
detail. The results for the time-domain case are directly 
ohlained for that of the frequency-domain case. Considering 
the notational simplicity, for frequency-domain analysis we 
drop the time (OFDM symbol) index m. from (5) to obtain 
Y[n] = H [ n ] X [ n ]  + G[n,], for 1 5 'n. 5 N (6) 
At pilot locations n = nJ,  1 5 j 5 J ,  channel estimation cat? 
be performed using l-tap equalization as given by 
(7) 
where, X [ n l ]  is a known symbol at the pilot location n = 'n, 
and G(n,] is the normalized (by the pilot-symbol) AWGN 
noise. 
Piecewise-linear interpolation is the computationally sim- 
plest technique of estimating the wireless channel in PSA- 
OFDM. We derive an exact expression for the channel estima- 
tion error, when using piecewise-linear interpolation in PSA- 
OFDM channel estimation. Frequency-domain interpolation 
with Conib-type pilot arrangement as shown in  Fig. I is 
considered. The channel estimation error for the time-domain 
interpolation will be directly derived from the frequency- 
domain interpolation results. Let n = nl and n. = n2 to 
v 
Symbol index (time) m 
Fig. I .  Comb-type pilot arrangement i n  time-frequency grid 
be two adjacent pilot tone locations in a uniformly spaced 
pilot arrangement in the, frequency domain. Using (7). the 
estimation of the channel response at these pilot locations can 
be given as 
fin, = Hn, + Gill 
Hn2 = H,, +GI,, (8) 
For simplicity, suffix*notation HT1. is used instead of H[ri]. The 
channel estimation H,, for any tone location n, n1 5 72 5 7 i 2 ,  
with piecewise interpolation can be expressed as 
H I ,  = ( L 7 3 l 1 *  + b l , H I l 2  (9) 
where, a,, and b, are two scalar constants. In piecewise- 
linear interpolation, a, = pn and b,, = 1 - pn,, where p,, = 
(n2 -n)/(n2 -RI). In piecewise-MMSE interpolation, a7, and 
b,, are evaluated using the frequency-domain channel correla- 
tion function such that the mean-square-error of interpolation 
is minimized. For both techniques the channel estimation 
complexity equals to two real x comnple.~ multiplications per 
522 .I 
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dah-symbol (hence low-complexity). LJsing (8) and (S), the 
channel estimation error AH,,, = H I ,  - H,, at the nth tone 
can be written as 
AH,,  = H,, - ~ ~ , ~ / l H ~ ~ . ,  - b,z.H,t - cl , , tGnl  - b 7 T & t 2  (10) 
The mean-square-error (MSE) of AH,, can be given as 
E{[AH, , [2}  = E{AH,,,AH:,} ( 1  1) 
where, E{.}  indicates the expected value of a random variable. 
Substitution of (10) in ( 1  1 )  gives (12). The frequency-domain 
channel conelation I'unction Rf[ l ]  \= E{H,+lH;} and its 
symmetrical property of Rf[-I] = Rf[I]* can be used to 
siiiipliljr (12) as 
a 
E{jAH,( '}  = Rf[O] + (CL: + b f ) ( R f [ O ]  + 0,") 
-2n3?(Rf.[E]} - 2bl%{Rf[L - l ] }  
+ 2 d m { R f  [LI 1 ( 1 3  
the adjacent pilot locations are used. In Appendix, using ( 1  3) 
and (,l4), we have shown that 
1 
E{lAH\Z} = A(5 + P)(l  + P)Rf[O] + $2 + p2,gg 3 
L- 1 
-4P C(1 - P W { R f [ ~ I )  
+$I - P2)WR,[L1) (15) 
1=0 
1 
where, ,B = 1/L and L is the pilot-tone spacing in the 
frequency-domain. The Rf [ I ]  is the frequency-domain corre- 
lation function of the channel response given by (4). For the 
case of time-domain piecewise-linear interpolation with block- 
type pilot arrangement as shown in Fig. 3, E{lANIZ} can 
be obtained by substituting 0 + 7, L i I<, 1 + k ,  and 
Rf[ . ]  -+ I?,[.], in (15). where, y = 1/K. and I<- is the time- 
domain pilot-symbol spacing. The Rt [.] is the time-domain 
correlation function of the channel response given by (3). 
whcre. E{.} denotes the real part of a complex number. 
Without loosing generality i t  is assumed that L = nz -721 and 
I = 'U - ' n 1 .  The 0: is the noise variance. The overall MSE 
of channel estimation across the OFDM subcarriers (tones) at 







In the following section we derive an exact expression for P 
E{\L!LH\~} using (13) and (14) for piecewise-linear interpola- 
tion. 
c 
Symbol index (time) m 
Fig. 3. Block-type pilot arrangement in  time-frequency grid. A .  Piecewise-linear. hiterliolatioti 
Piecewise-linear interpolation is one of the computationally 
simplest techniques of estimating the wireless channel in PSA- 
OFDM systems. Fig. 2 shows the piecewise-linear interpo- 










Time (m) or Frequency (n) 
Fig. 2. Piecewise-linear interpolation i n  time and frequency domains. 
Thick lines and thin lines show the channel I-esponse at pilot locations 
and dah locations, respectively. 
piecewiselinear interpolation, straight line segments of the 
form a/  = 1 - 1/L and bl = 1/L, for 0 5 I 5 L - 1, between 
B. Piecewise-MMSE lnterpolciticrn 
In piecewise-MMSE interpolation, each al and bl, for 0 5 
1 5 L-1, is chosen such that E { ~ A H L ~ ~ }  in (13) is minimized. 
Therefore, al and bl become functions of Rf[ . ] .  Derivation of 
the channel estimation error E{ lAN12} for the MMSE inter- 
polation (Wiener filtering) can be found in the literature [ 3 ] -  
[4]. The piecewise-MMSE interpolation can be considered as 
a low-complexity version of the general MMSE interpolation. 
In contrast to piecewise-linear interpolation, piecewise-MMSE 
interpolation is sensitive to any mismatch between the actual 
Rf[.] of the channel and the one assumed when the optimal 
MMSE interpolator was designed. This amounts to a mismatch 
in T~,,,, for frequency-domain interpolation and a mismatch in 
Fd for time-domain interpolation. 
IV. PER F o R M A N  c E C OM PA R I  s ON 
In this section a comparison between the channel estima- 
tion performance of piecewise-linear and piecewise-MMSE 
interpolation is performed. Both frequency and time domain 
interpolation performances with match and mismatch channel 
conditions are compared. An PSA-OFDM system with N = 
512 subcarriers (tones) was assumed. 
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For frequency-domain interpolation a mismatch in channel 
statistics amounts to a difference in the RMS delay-spread 
( T , . ~ ~ , ~ )  of the actual operating channel and the assumed value 
of T,.,,,~ (say T,!,,,,) when the MMSE interpolator was designed. 
Let Or,.,,,, = T,!,,, - T,.,,,~. To investigate the sensitivity of 
the channel estimation error to AT,,, the channel condition 
of SNR = 30 dB and r,.,, = 10 samples, was considered. 
Channel estimation error was evaluated for  AT^,,,^ = 0, 8, 
16, and 24 samples. Results obtained are shown in Fig. 
4(a). Kesults for OT,.,,,~ = 0, -3, -6, and -9 samples, are 
shown in Fig. 4(b). In both figures  AT,.,,,^ = 0 indicates 
the perfectly matched channel condition. For comparison the 
performance of piecewise-linear interpolation is also shown. 
As can be seen from Fig. 4, performance of the piecewise- 
MMSE interpolation with a matched channel   AT,.,^ = 0) is 
almost same as that of the piecewise-linear interpolation. Also, 
any niisinatch i n  channel statistics worsens the performance of 
piecewise-MMSE interpolation. 
B. Tin le - clo iria in In  te r p l a  tio I i 
For time-domain interpolation a mismatch in channel statis: 
tics is caused by a difference in the normalized Doppler 
frequency (Fd)  of the actual operating channel and the as- 
sumed value of F d  (say p:) when the MMSE interpolator was 
designed. Let AE, = Fi - Fd. To investigate the sensitivity 
01' the channel estimation error to AFd the channel condition 
of SNK = 30 dB and Fd = 0.02, was selected. Channel 
estimation error was evaluated for AF, = *0.005, *0.01, and 
f0.015. Fig. S(a) shows the sensitivity of piecewise-MMSE 
interpolation i n  time-domain to a negative mismatch in Fd 
(AFd < 0). The same for a positive mismatch in Fd (AFd > 
0 )  is shown in Fig. S(b). For both cases the performance of 
[he piecewise-linear interpolation is also shown for reference. 
As can be seen from Fig. 5 ,  a mismatch in Fd increases 
the channel estimation error of piecewise-MMSE interpolation 
[roni the perl'ectly matched (AFd = 0) case. Also, large values 
of A Fd could worsen the performance of piecewise-MMSE 
interpolation beyond that of the piecewise-linear interpolation. 
For an example, in  Fig. S(a) for A F ,  2 +0.01 piecewise- 
linear interpolation performs better than piecewise-MMSE 
interpolation. A comparison of Fig. S(a) and Fig. S(b) also 
indicates that piecewise-MMSE interpolation is more sensitive 
to positive errors of AFd than to negative errors. 
V. CONCLUSIONS 
In this paper a performance comparison of two low- 
complexity channel estimation techniques for PSA-OFDM 
\ystem,r in frequency-selective Rayleigh fading channels was 
I "  
2 4 6 8 10 12 14 I 6  I 8  20 
Pilot Spacing (Subcarrters) 
2 4 6 8 10 12 14  16 18 
Pilot Spacing (Subcarriers) 
Fig. 4. Sensitivity of piecewise-MMSE interpolation i n  frequency- 
domain to a mismatch in  T ~ ~ , ~ .  The T ~ , , , ~  of the operating channel 
is I O  samples, and SNR = 30 dB. (a)  AT^,,,,, = 0, 8, 16, and 24 
samples, and (b) Arr,ns = 0. -3, -6, and -9 samples. Performance of 
piecewise-linear interpolation is shown i n  star-legend. 
performed. The complexity of the channel estimation tech- 
niques considered equals to two renlxcoinplex multiplica- 
tions per data-symbol. An exact expression for the channel 
estimation error was derived when piecewise-linear interpo- 
lation is incorporated. The channel estimation performance 
of the two techniques were compared under the conditions 
of matched and mismatched channel statistics. With perfectly 
matched channel statistics the frequency-domain channel es- 
timation performance of the piecewise-MMSE interpolation 
was found to be only marginally better than that of the 
piecewise-linear interpolation. Also, any channel correlation 
mismatch in frequency-domain causes performance degrada- 
tion of the piecewise-MMSSE interpolation. With perfectly 
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Pilot Spacing (OFDM Symbols) 
(4 
j SNR = 30 d 6  aiid Fd = 0 02 
,IO‘ 
where, Tl = Cj?;‘(l + a; + 6 3 ,  T2 = 
and T4 = albl. The terms TI, T2, T3, and T4 can be 
derived as 
E;=-; arR{Rf[l]) ,  T3 = + b f % { R f [ L  - Z ] } ,  
Tl = -E j, 1 +  ( 1 - -  ; ) 2 +  (lj’l 
1=0 
L 
= L ( 5 + $ ) !  3 
and 
1 L-l 
T2 = r, (1 - ;) R(Rf [ I ] ) .  
1=0 
and 
* * ‘  //j ,- 
, A  
I ,’ ,,’ 
, g I_- I 
(b) 
2 6 a 10 12 14 
Pilot Spacing (OFDM Symbols) 
Fig. 5 .  Sensitivity of piecewise-MMSE interpolation in  time-domain 
to a mismatch i n  fTd. For the operating channel Fd = 0.02 and SNR = 
30 dB.  (a )  AFd = 0, 0.005, 0.01, and 0.015, and (b) AFd = 0, -0.005, 
-0.0 I ,  and -0.01 5 .  Performance of the piecewise-linear interpolation 
for 1;; = 0.02 is shown i n  star-legend. 
niatched channel statistics, the time-domain channel estima- 
tion performance of the piecewise-MMSE interpolation was 
found to be considerably better than that of the piecewise- 
linear interpolation. However, time-domain channel correlation 
mismatch can degrade (he performance of piecewise-MMSE 
intei-pola(ion beyond that of the piecewise-linear interpolation 
for large enough mismatches. The results of this paper high- 
light the effectiveness of the piecewise-linear interpolation 
(perfoming better than a mismatched MMSE interpolator 
of same complexity) as a low-complexity channel estimation 
~echnique for PSA-OFDM systems. 
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APPENDIX 
Using (13) and (l4),  E{lAH12) can be written as 
and 
T4 = -E 1 L- - l  [(t) - ( ; ) 2 ]  
= : ( I - & ) .  G 
1 =o L 
Substitution of TI ,  T2, T3, and T, in (16) gives (15). 
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